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COMPLETE NONORIENTABLE MINIMAL SURFACES IN R3
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Dedicated to Professor Tadashi Nagano on his 60th birthday

ABSTRACT. We will study complete minimal immersions of nonorientable sur-
faces into R3. Especially, we construct a nonorientable surface P, which is
homeomorphic to a Klein bottle and show that for any integer m > 4, there
are complete minimal immersion of M = P, — {q}, g € P, in R3 with one
end and total curvature C(M) = —4mn.

1. INTRODUCTION

At first, we will construct nonorientable surfaces of genus n (n > 1). Let
T,_, be a hyperelliptic Riemann surface given by

n
Tn-—l = {(Z’ ’LU) € (CU {Oo})z’ w2 = H(ai - Z)(ai + Z)} s

i=1
where, a; # a; for any i # j, and a; # —a; for any i, j. Define a map
I:T,., - T,y by I(z,w) = (-Z, ~w). Then, the map I is an anti-
holmorphic involution. Moreover it has no fixed point. In fact, let (z, w)
be a fixed point of I, thatis, z = (b and w = ic, where b and c¢ are real
numbers. Then, since |a;| > Im(a;), we have a contradiction:

- = [](lai* + b* - 2Im(a;)b) > 0.

Let P, be the quotient space of 7,_; by the equivalence relation defined by
(z1, wy) ~ (22, wy) & (22, w) = I(z;, w;). Then the canonical projection
n: T,_, — P, is the two-sheeted covering and P, is a nonorientable surface
of genus n. We may consider P, as the projective plane and P; as the Klein
bottle.

In the present paper, we will study minimal immersions of M = P, —
{a1,... ,q} into R, where ¢, ..., 4 € P,. Then we have the orientable
double covering n: M — M, where M = T,_, — {p\, I(p1), ... , pr, I(D))}
and ¢q; = n(p.),; . » qr = n(p,). It is shown in [7] that for a complete minimal
immersion X: M — R3, there is a complete minimal immersion x: M — R3
if and only if X(I(p)) = X(p) forall p € M. In this case, X: M — R3 is called
the double surface of x: M — R?. The points g¢;’s and also p;’s, I(p;)’s
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are called the endpoints of the immersions. We need the following representa-
tion theorem of Meeks [7] and Oliveira [8] which is followed from the classical
Enneper-Weierstrass representation theorem.

Proposition 1.1 (Meeks [7] and Oliveira [8]). Let g: JE — CU{oo} be a mero-
morphic function and n be a holomorphic 1-form on M . Take the vector-valued

1-form

D= (41, ¢2, ¢3) = (1 — &%), i(1+ g*)n, 2gn).
Assume that no component of ® has a real peroid and that the poles of g coincide
with zeros of n and the order of a pole of g is precisely half the order of a zero of
n. Then %(p) = Re f[f:) ® is a conformal regular minimal immersion. Moreover

X(I(p)) = x(p) forall p e M if and only if I*(®) = ®, in other words
gU(p)=-1/glp), I'(n)=-g2n, forpeM.
In this case, there is a regular minimal immersion x: M — R3 such that % =
X 7.
Conversely, every regular minimal immersion x: M — R3 can be given in
this way.

The meromorphic function g in the above is the stereographic projection
of the Gauss map of X . In the case of finite total curvature, it is known from
the Osserman’s result [9], g is extended to a meromorphic function on T,_; .
In the present paper, we will study only minimal immersions with finite total
curvature. We will call (g, #) in the above the Weierstrass pair of x .

Particularly, we are concerned with elliptic Riemann surfaces and corre-
sponding nonorientable surfaces of genus 2 with one end. Put

Ty = {(z, w) € (CU{o0})?; w? = (1 — 22)(1 — k*z?)}, O<k<l.

Then T, is homeomorphic to a torus. The quotient space P, is homeomorphic
to a Klein bottle. As for any two points p;, p, of T, we have a conformal
transformation which maps p; to p,, we may assume that the endpoint is
n(oco, 0o0), where m: T} — P, is the natural projection. We will study complete
minimal immersions of M = P, —{n(co0, o)} . Our main result is the following

Theorem. Let M be a nonorientable surface P, — {q} with one end q. Then

(1) there is no complete minimal immersion of M into R?® whose total
curvature C(M) is greater than —14r,

(2) forany 0 <k <1 and any integer m > 4, there are complete minimal
immersions of M into R® with C(M) = —-4mn.

2. A WEIERSTRASS PAIR FOR A NONORIENTABLE SURFACE

In this section, we will determine the forms of g and # introduced in the
previous section. Since g is a meromorphic function on the hyperelliptic sur-
face T,_, it is represented as

(2.1) g(z, w)=(Rw+P)/Quw, (z,w)€ Tp1,

where R, P and Q are polynomials of z. Put n = f(z, w)dz. Then from
Proposition 1.1 we have

(2.2) fU(z,w) = g(z, w)f(z, w).
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Taking account of the conditions for a Weierstrass pair, we can put

(2.3) f(z, w) = (Q*w?/S) x (1/w),
where S is a polynomial of z which vanishes only at the endpoints. We
need the last factor 1/w, because the corresponding immersion is regular at
points (a;, w(a;)) and I(a;, w(a;)), 1 < i< n. Hence if these all points are
endpoints, we may drop the factor 1/w . Substituting (2.1) and (2.3) into
(2.2), we have

SQ*w? + SQ*(R*w? + P?) = —2SQ*PRw,

where Q 0(-2) and S = S(=Z). The left-hand side of the above equation
depends on z only. On the other hand, its right-hand side depends on z and
w . Hence they must vanish. As S #0 and Q#0,wehave P=0 or R=0.
At first, we assume P = 0. Then we can put

g=A[[z-ad)/[[(z-¢)),  (ci#d;foralli, ).
i=1 j=1
Since g satisfies g(I(p)) = —1/g(p), it follows
|A]2(=1)*~ ”'H(z —d)(z+d)=-[](z-¢j)(z +5)).
j=1

Hence it must be s = m. But then we have |4|> = —1. Thus, we get R =0
and P # 0. Now we can set

2.4)  gz,w)=A[J(z-b)/ (w ﬁ(z—c,-)) . (bi#c;foralli, j).

i=1 j=1
From the condition about g, it follows
t

(=)= "4 [[(z - b))z + b))

j:

H (z—c (2+ck)]_[(z—a, (z+a).

i=1
Hence we get t = m + n and |4]> = 1. Since ¢; # b;, if it is necessary,
permuting the order of b;’s and replacing a; by —a;, we may put ¢; = —b;
for 1 <i<m, bpij=a; for 1 <j <n. Thus we obtain

(2.5) gz, wy=A[z-b)[[z-a)/w]](z+B)), |4 =1.
=1 i= j=1

1

Let py =(c1, wy), I(p1), ... , pr =(cr, w,), I(p,) be the endpoints. If they
contain the infinite point (oo, co), we may assume p, = (oo, oo). We put
r*=r—1 or r according to p, = (00, c0) or not. Now we will determine the
form of n = fdz. At first, we assume c¢; # a;, ¢; # —a; forall i, j. As g is
given by (2.5), we can put

f=BH(z+5j)2ﬁ(z H (z — i)™ (z + Tx ) Be.
j=1 i=1 k=1
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Using (2.2), we get

.
(= 1ybrrar b 1By T] (2 +.8) (2 - B
k=1

= A*B/ [[(z - cu)™(z + )P
k=1

Hence we have oy = B, when ¢, # —¢, . We may assume that ¢, # —¢; for
1<k<pand ¢, =—¢; for p+ 1<k <r*. Now we can modify f as

(26)f=Bﬁ(Z+b ﬁ2+a ( lp_[Z—Cka"Z-i—Cka“li[ i )
j=1

k=1 Jj=1

where p + g =r*, the d;’s are zero or pure imaginary numbers and
' a>2, Bj>2 forl<k<p, 1<j<q.
The above inequalities follow from the fact that the orders of the poles are
greater than 1 (see [2, 8]).
When some of ¢;’s coincide with some of a;’s, we can show after all that f
has the same form as (2.6). In order to study the behavior of 7 at (oo, c0),
we put z = 1/£. Then we have, by putting a =a; +--- + ¢,

n= (f)2a+ﬂ—2(m+l)B H(l +3j5)2

Jj=1

n p q
x [J(1+a)/ (w LI = a1 +ed) [J(1 - djé)ﬂfdé) :
i=1

k=1 j=1

Thus, if p, = (00, 00), it is a pole of order > 2. Hence we have 2a+ 8 < 2m.
On the other hand, if all endpoints are finite, as an infinite point (oo, oo) is
neither a pole nor a zero, we get 2a + f = 2(m + 1). Now we obtain

Lemma 2.1. A Weierstrass pair (g, n= fdz) on M which constructs a nonori-
entable complete minimal immersion has the form (2.5) and (2.6). If one of the
endpoints is an infinite point (oo, 0o), we have 2a + f§ < 2m If all endpoints
are finite points, we have 2a+ f =2(m+1).

3. THE CONDITIONS UNDER WHICH ® HAS NO REAL PERIOD

The vector-valued 1-form ® for a Weierstrass pair given by (2.5) and (2.6)
is given by

(3.1)  ®=(By, +Bys, i(By1 — Byy), (-1)"24By;), AB=(-1)’"'4B,
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where

v = (H(z +Bf>21'[(z+aj)/(Rw>) dz,

J=1 j=1

= (-1)™F (ﬁ 2ﬁ (z —a))/ )dz,
j=1

p q
R=T[((z-e)z+E)]](z -

i=1 Jj=1

We must determine b; such that & has no real period. The existence of real
periods must be searched among the cycles that generate the fundamental group
of M . These are the ones that generate the fundamental group of 7,_; and
the ones around the endpoinis, Pi,...,Dr. Let l?l(t) , 0<t<1,beacurve
connecting —a; to a; and B;(¢t), 0 <t <1, be curves connecting a;,_; to a;
for 2<i<n. Let

(1) = {/M) (B20), w(Bi(20), for0<1<1/2,
VI B0 =Ee-2), —wEe-2), for1j2<i<1.

Then, ¥y, ..., s, I(y2), ... , I(yxa—1) generate the funda_mentalgroup of T,,.
The condition (3.1) implies f,(yj) ¢i = fy,. I* (¢)= fyj ¢;,for 1 <i<3. As
¢; contain the factor 1/w for i =1, 2, we have

[ei=[ o+ [ si=2[ o fori=1.2
?j Bj B; B;

Similarly we have [, ¢3 = fﬂj ¢33+ [p. $3 = fﬂj 3 — fﬂ; ¢3 = 0. Hence ® has
J j
no real period on the fundamental cycles if and only if

Re(/ ¢,~>=0 fori=1,2and1<j<n,
B

which are expressed by

Re(/jBy/I) —Re( ﬁ.,,z) -
Im (/ijl) —Im( Bw:)

Combining them together, we obtain, as we have ¥, = I*(y)

(32) /ﬂ v */ﬂ, I(y1) =0,
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Put

/ P a
vi= (zAfzj+ZZ (Bij/(z = 1)) + Cij/(z +T))
j=0

i=1 j=1

(3.3)

Bi
+zq:z Dij/(z—d; )dz/u),

where / =2m +n —2a - . Now, from (3.2), we get
Lemma 3.1. Put
/ (2 /wydz =1, / (1/(z - cyw)dz = T (c).
Bi Bi
Then the vector-valued 1-form ® has no real period along the fundamental cycles

of Ty, ifand only if, for 1 <i<n,
i

YU+ (-1 1)'T)h4 +}:Z T/ (c) + (1) T/ (=2)) By,

j=0 k=1 j=1
(Jf(—-) (—1YJ (ck)) Ci;

q
+y Z (J7(di)+ (= 1)/ T/ (d)) Dy = .

k=1 j=1

Next, we will study periods around the endpoints. As I*(y3) = (—1)8+1y73,
we can put

[I(z-6)(z+8;)/R

j=1

I P oo
(3.4) =Y "Eiz/ + 3 Y (Fj/(z — ) + (1) F;/(z + T))
=0 k=1 j=1
q B )
+ 33 Grj/(z —di),
k=1 j=1
where Gy; = (-1)#*Gy;, E; = (-1)PYE;, I, = 2m—2a—B if 2m-2a—8 >0

and the first term of the nght-hand side appears in this case only. Put c,,; = dj
for 1 <k <gq. Let §; be a curve making one turn around ¢, for 1 <k < p+q.
Then, for 1 < k < p, I(d;) makes one turn around —cC, in the opposite
direction. Hence it holds

(o) e[ )-2([2)

Now, Re(f5k¢i)=0,1§k§p+q,for i=1, 2 if and only if

(3.5) [w+[ren=o, i<ksp+q
O O
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On the other hand, Re(fak ¢$3)=0,1<k <p+gq, if and only if

m
(3.6) ImResz=ck( Hz—b, z+b /R) s 1<k<p+q.

If ¢, # a; for all ISzSn,thenweput

(3.7) Rj(cx) = (1/w)I= () /(G = 1.
On the other hand, if ¢; = a; for some i, we put

(3.8) Ri(cj) = (1/w;)*(0)/2k!,
where

w; = \/(01 —ai+2)(@ +ai— )% %@y +a; — 12)(@i +a; — 12)

*(@ip1 — @i + 1) %o % (an — ai + 12)(@n + a; — 12).

Now, we can state the conditions under which the 1-form ® has no real period
around the endpoints.

Lemma 3.2. The vector-valued 1-form ® has no real period around the endpoints
which are different from (co, 0o) if and only if

YD (BijRj(ck) - (<1)/C;Ri(c)) =0, for1 <k<p,

(3.9) ’:‘k
Y Dij(Ri(dk) — (—1)R;(dy)) =0, 1<k<gq,
j=1

(3.10) Re(Fi) =0, 1<k<pifpiseven,

Im(F,;) =0, 1<k<pifpisodd.

If the endpoint p, is (0o, o), then p+q=r—1 and 2m > 2p +q. The
1-form ® has no real period around the endpoint p, = (00, o) if and only if

1 —_
(3.11) Y Aj(Ratjn(0) = (1Y Ry ;_n(0)) =

Jj=n—1
where

n

R;(0) = (1/w)U=D(0)/(j — 1! withu"J=\‘H (ai& — 1)@& + 1).

Proof. Using (3.3), we get from (3.5), for 1 <k <
a

Y (BijRes.—, (1/(z — ciYw) — (=1)/Cy;Res;—,, (1/(z — cp)Iw)) = 0
Jj=1
and for 1 <k<gq,
Br

Y Dij(Res,—4,(1/(z — di)w) — (—1YRes,_g,(1/(z — dxJw)) = 0.
j=1
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If ¢; #a; forall 1 <i<n,weobtain (3.9). If ¢c; = a; for some i, we may
take a local coordinate ¢ near c¢; such that a; — z = . Using (3.8), we also
have (3.9) in this case. The conditions (3.6) are reduced to Im((4BFy;) =0,
1<k<p, Im((4BGy) =0, 1 <k <gq. If B iseven, AB is an imaginary
number and Gy, are also imaginary numbers. Hence we get from the above
Re(Fy;) = 0. Similarly, if g is odd, we have Im(Fy;) = 0. Now assume
Dr = (00, 00). Set z=1/¢. Then we have
i
wi=— Y A;/(E**/7"b) + (the holomorphic part near p;),
Jj=n—1

!
wy=— Y (=1)/4;/(E**/~"b) + (the holomorphic part near p;).
Jj=n—1

Hence we obtain (3.11). From the conditions (3.6), we get
Im(AB(Fy; — (-1)fF;) =0, Im(ABGy;) = 0.
But these hold without any assumption.

4. PRELIMINARIES FOR THE PROOF OF THE THEOREM

In this section, we will apply Lemmas 3.1 and 3.2 to elliptic Riemann
surface and corresponding nonorientable surfaces M = P, — {n(0c0, o0)} of
genus 2 with one end. In this case, a Weierstrass pair in Lemma 2.1 is given
by

where w = /(1 — z2)(1 — k2z2), |A| = 1, AB is a pure imaginary number,
ay=1,a;=a=1/k or —1/k. Notice degg = 2m + 2. In the present case,
we can put

m 2m+2
v =k (H(z +b0)}z+1)(z + a)/w) dz =k (E A,zf) dz/w.

j=1 Jj=1
To apply Lemma 3.1, we may take the following curves. f,(t) = (¢, w(?)),
-1<t<1, B(t)=(t, w(t)), 1 <t<1/k. Then we have

1{=/ (zj/w)dz:/_ll(tf/w)dt,

) [k
15:/ (zj/w)dz=/ll (¢ Jw) dL.

Remark that

0 1 0 1
2j - 2j 2j+1 — 2j+1
/ (t f/w)dt—/o (t¥/w)dt and /_l(tf Jw)dt = /O(t/ Jw)dt.

-1
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Moreover all 1 izj are real numbers. Now, as / = 2m+2, the relations in Lemma
3.1 are reduced to

m+1

(4.1) Y 14y =0.
Jj=0

On the other hand, ® has no real period around the endpoint if and only if it
holds (3.11), that is,

m
(4.2) ) A1 Rops =0,
h=0

where we use the fact that Rk = ﬁk(O) are real numbers.
Let B; be the elementary symmetric polynomials of b;. Moreover we set
Sh=) BiB;, 0<h<2m.
i+j=h
Then we have
Aymsz=So=1, A =81+ (1+a),
Ap = Somiz—n + (1 + Q) Somr1—n + aSom_n 2<h<2m,
Ay = (14 a)Som + aSom—1, Ao =aSom,

where a = 1/k or —1/k and k is the modulus of the elliptic Riemann surface.
Thus, we have

Lemma 4.1. The vector-valued 1-form ® has no real period if and only if for
i=1,2,

m—1
(12m+2 2h+a12m 2h S2h+ 1+d Zlm 2hS2h+l=O>

[\/]s

(4.3)
h=0 h=0
m—1 m

(4.4) (@Rym-2n-1 + Rom—24+1)S2n1 + (1 +0) Y Rom_2p15 = 0,
h=0 h:

where

i , 1/k
=/(tf/w)dt, 15:/ (¢ Jw)dt
0 1

= (1/w)V=D0)/( = 1!, =4/ -1 -k?).

The following formula concerning elliptic integrals is well known (see, for ex-
ample, the formulas 17.1.4 and 17.1.5 on p. 589 in [1]).

. 2j+4 . 2j+2 . 2j .
45) (2j+3)PH - Q2j+2)@+ D)IPP+ 2j+ Dal 1Y =0,  i=1,2.

5. A PROOF OF THE THEOREM

At first, we will show the part (1) of the theorem, that is, there is no complete
minimal immersion of M into R? with total curvature —4n(m + 1), m =




898 TORU ISHIHARA

0,1,2. At some calculations in the present sections, we use the computer
algebra system REDUCE 3.2.

In the case m =0, the equation (4.3) is reduced to
(5.1) IP+al’=0, i=1,2.

From the fundamental formulas of elliptic integrals (see, for example, §3.1 of
[6]), we have

(5.2) R=Kk), I§=-V-1K(k')=-V-1K'(k),
(5.3) I} = aX(I} - Ei(k)),
where k' = V1 -k2,

|
(5.4) E, = E(k) =l/é V(1= k222)/(1 - 22)dz,
(5.5) By = E(k) = /] J(1—k222)/(1 = 22)dz

= —V=1(K'(k) — E'(k)).

By substituting (5.2), (5.3), (5.4) and (5.5) into (5.1), we obtain (1+a)K = aFE,
aE’' + K' = 0. From this we get KE’' + K'E — KK’ = 0. This contradicts the
formula

(5.6) KE' +K'E - KK' =m/2.
In the case m = 1, the equation (4.3) is reduced to
(5.7) It +al? + Sy(I? + al?) + (1 + a)S, I? = 0.

Put b; = b. Then S| =2b, S, = b?. Using (5.2), (5.3), (5.4), (5.5) and (4.5),
we get

3((a+ 1)K — aE)b* + 6a(a+ 1)(K — E)b

(5.8) ) N
+a(2a”*+3a+ 1)K —a(2a*+3a+2)E =0,

(5.9) 3(aE' + K')b? + 6a(a+ 1)E'b + a(2a® + 3a + 2)E' —aK' = 0.

If these two equations have a common solution, it must be b = —(a+ 1)/3.
Substituting this into (5.8) and (5.9), we obtain

(@*-a+1)aE-aK-K)=0, (a®-a+1)(aE +K')=0.

Here we use the computer algebra system. These equations contradict to (5.6).
In this case m =2, (4.3) is reduced to

(5.10) Ajw? + 24;zw + A3(22 + 2w) + 244z + A5 = 0,

(5.11) Biw? + 2Byzw + B3(z? + 2w) + 2B4z + Bs = 0,

where z =B, =b; + by, w=By=bb, and A, =1} +al, 4, =(1+a)l?,
Ay = (I} +al?), Ay = (1+a)I}, As=1If+al}, By =1}+al}, B, = (1+a)l},
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By = (I{ +al?), By = (1+a)l3, Bs = I +al;. From the equations (5.10)
and (5.11), we get

(5.12) 2F zw + B (22 + 2w) + 2Kz + F, = 0,
where F; = A;;1 B, — A1B;;; . Hence we obtain, when z # —2(a +1)/3,
(5.13) w = —(5(a+1)z2+5(2a* +a+2)z+(4a*—a+4)(a+1))/(5(3z+2(a+1))).

Substituting this into (5.10) and (5.11), we obtain the following equation coming
from symbolic algebra manipulation.

(5.14) 25G4z* + 50G323 + 10G,22 + 20G,z + Gy = 0,

where Go=a’-a+1, G3=2a>-a’-a+2,G,=14a*+a®> - 14a’ +a +
14, G, = 4a° + 3a* — 4a® — 4a®> + 3a + 4, Gy = 16a8 + 24a° — 7a* — 3043
+7a® +24a + 16). If z = —2(a + 1)/3, substituting this into (5.12), we have
(K'E + KE' — KK')a’(4a®? — a + 4)(a + 1)2 = 0. But, we have no real solution
for this equation. Hence we get z # —2(a + 1)/3.

Next, we will investigate the condition (4.4). In the case m = 2, this is
reduced to

(@a+ 1)Ryw? +2(aR; + R3)wz + (1 + a)R3(z + 2w)

(5.15)
+2(aR3 + Rs)z + (1 + a)Rs = 0.

By calculation, we have Ry; =0 and R, =1, R3 = (1 +a?)/2,

Rs = (3a*+2a2+3)/2%, R;=(5a%3a* + 3a® +5)/2%,
Ry = (35a® + 20a% + 18a* + 2042 + 35)/25.

Substituting (5.13) into (5.15), we obtain
(5.16) 100H,z* + 50H3z3 + 5H,z2 + 60H,z + Hy = 0,

where Hy = 54> — 8a + 5, Hy = 23a3 — 15a® — 15a + 23, H, = 223a* +
64a3 — 318a% + 64a + 223, H, = 9a° + 11a* — 12a® — 12a> + 11a+ 9, Hy =
10848 +232a° — 36a* — 320a> — 36a% + 232a+ 108 . Thus the problem is to find
a common solution for (5.14) and (5.16). Now we consider Sylvester’s resultant
of those equations, which is a determinant of order 8. The computation of the
determinant is accomplished by the computer algebra system REDUCE 3.2. In
fact the resultant of the equations is as follows

R =390625(3721a"'% + 7442a"" + 82994'° — 169584°
~14717a® — 1684a” + 48530a® — 16844’
— 14717a* - 169584a> + 82994 + 7442a + 3721)
-(4a* —a+4)(a+ )*a-1).

We can show that there is no solution a for R = 0 which satisfies |a| > 1.
Thus we obtain part (1) of the theorem.

In order to prove the part (2) of the theorem, when m =3 weput x =1,
y=b+by+b3, z=>5bb+ bybs + b3by, w = b;byb;. Then the equations
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(4.3) for i =1, 2 are rewritten respectively as

Al’w2 + A322 + A5y2 + A7.X2

+2(Awz + Aswy + Aqwx + Agyz + Aszx + Agyx) =0,
Biw? + B3z% + Bsy? + B,x?

+2(Bywz + Bswy + Bswx + Byyz + Bszx + Bgyx) =0,

where A, Ay, A3, A4, As and B;, B,, B;, B4, Bs are the same coefficients
in (5.10) and (5.11), and 4¢ = (1 + a)If, A7 = I¥ +al®, Bs = (1 +a)l¢,
B; = I8 + al§ . The equation (4.4) is also written as

C1w2 + C_?,Z2 + C5y2 + C7.)C2
+2(Cawz + Cywy + Cawx + C4yz + Cszx + Cgyx) = 0.

Though x = 1, we now assume that x takes any complex values. Then the
above three equations give three quadrics in the 3-dimensional complex pro-
jective space CP? = {(w, z, y, x)}. Then it is evident that the intersection
of the three quadrics is not empty. We will show that there is no point with
coordinate (w, z, y, 0) in the intersection. In fact, if we have such a point in
the intersection, the three equations are reduced to

Aiw? + 4322 + Asy? + 2(Awz + Aswy + Agyz) =0,
Byw? + B3z% + Bsy? + 2(Bwz + Bswy + Bsyz) =0,
Ciw? + C322 + Csy? + 2(Cowz + C3wy + C4yz) = 0.

These equations have no solution with y # 0, because in this case the above
equations are reduced to the equations (4.3) and (4.4) for m = 2. On the other
hand, if y = 0, the equations are reduced to (4.3) and (4.4) for m =1 or
m = 0. Hence there are no solutions. Thus the intersection consists of points
with coordinate (w, x,y, 1).

Now it is evident that for m > 4, equations (4.3) and (4.4) have common
solutions.
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